Tits–Kantor–Koecher algebras of strongly prime hermitian Jordan pairs  by García, Esther
Journal of Algebra 277 (2004) 559–571
www.elsevier.com/locate/jalgebra
Tits–Kantor–Koecher algebras of strongly prime
hermitian Jordan pairs ✩
Esther García 1
Departamento de Álgebra, Universidad Complutense de Madrid, Avda. Complutense s/n, 28040 Madrid, Spain
Received 23 June 2003
Available online 16 December 2003
Communicated by Efim Zelmanov
Abstract
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Introduction
It is well-known that every Jordan pair gives rise to a 3-graded Lie algebra through
the Tits–Kantor–Koecher construction. These Lie algebras, called TKK-algebras for short,
have already been studied by several authors, such as Neher [16] and Zelmanov [18,19],
although the first one has mainly focused on Lie algebras graded by root systems (related
with Jordan pairs covered by grids) while the second one has worked with a larger class of
graded Lie algebras.
Regularity properties like semiprimeness, nondegeneracy, primeness and simplicity are
inherited by TKK-algebras from their associated Jordan pairs (see [4, 1.6] and Section 1
in this paper). This nice behaviour suggests the use of the structure theory of Jordan pairs
to obtain 3-graded Lie algebra analogues. In this paper we describe the TKK-algebras
of strongly prime hermitian Jordan pairs. The results obtained here will be used in a
forthcoming paper to get descriptions of strongly prime 3-graded Lie algebras. Recall that
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with involution such that 0 = H(R,∗)  V H(Q(R),∗), where Q(R) is the Martindale
pair of symmetric quotients of R. Though in general the TKK construction does not
preserve containments, we will show that TKK(V ) is sandwiched between TKK(H(R,∗))
and TKK(H(Q(R),∗)). Moreover, in the spirit of [3], we will prove a converse of the
previous assertion.
We begin with a preliminary section where we review the notions of Jordan 3-graded
Lie algebra and TKK-algebra, and we state the connection between both structures. The
first section is devoted to studying the transfer of regularity conditions between TKK-
algebras and their associated Jordan pairs. To do so we start recalling a result from [4]
that relates ideals of a Jordan 3-graded Lie algebra and ideals of its associated Jordan
pair. Afterwards, in Section 2, we prove the main theorem of the paper, which relates the
TKK-algebra of a strongly prime hermitian Jordan pair to the TKK-algebra of the set of
symmetric elements of a ∗-prime associative pair with involution R and to the TKK-algebra
of the set of symmetric elements of the Martindale pair of quotients of R. Finally, the last
section of the paper studies the converse, proving that strong primeness of a TKK-algebra
sandwiched between the TKK-algebra of the set of symmetric elements of an associative
pair with involution and the TKK-algebra of the set of symmetric elements of its Martindale
pair of quotients can be recovered from ∗-primeness of the associative pair.
1. TKK-algebras and 3-graded Lie algebras
1.1. We will deal with Lie algebras and with associative and Jordan systems over an
arbitrary ring of scalars Φ . We will also consider involutions on associative systems and,
when dealing with associative pairs, involutions will be assumed to be of polarized type.
The reader is referred to [1,5,12,14] for basic results, notation and terminology, though
we will stress some notions and basic properties. The identities JPx listed in [12] will be
quoted with their original numbering without explicit reference to [12].
• Given a Lie algebra L, its product will be denoted by [x, y], for x, y ∈ L. It satisfies
[x, x] = 0 for any x ∈ L and the Jacoby identity.
• For a Jordan pair V = (V +,V −) we will denote the products by Qxy , for any x ∈ V σ ,
y ∈ V −σ , σ = ±, with linearizations denoted by Qx,zy = {x, y, z} = Dx,yz.
1.2. Let V = (V +,V −) be a Jordan pair. For x ∈ V +, y ∈ V −, we define δ(x, y) :=
(Dx,y,−Dy,x), which is a derivation of V (JP12) called inner derivation. We denote
by IDerV the Φ-module spanned by all inner derivations of V , which is an ideal of
the Lie algebra of derivations of V . On the Φ-module TKK(V ) := V + ⊕ IDerV ⊕ V −
we define a Φ-algebra with product [ , ] given by [x+ ⊕ c ⊕ x−, y+ ⊕ d ⊕ y−] :=
(c+(y+) − d+(x+)) ⊕ ([c, d] + δ(x+, y−) − δ(y+, x−)) ⊕ (c−(y−) − d−(x−)) where
xσ , yσ ∈ V σ and c, d ∈ IDerV , σ = ±. It is shown, for example in [15, XI], that this
product has zero square and satisfies the Jacobi identity, so that TKK(V ) is a Lie algebra.
This type of Lie algebras was first considered by Tits [17], Kantor [6–8] and Koecher
[9,10], so that TKK(V ) will be said the Tits–Kantor–Koecher algebra of V . In general,
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will be called its associated Jordan pair.
1.3. A 3-grading of a Lie algebra L over Φ is a decomposition L = L1 ⊕L0 ⊕L−1 where
each Li is a submodule of L for i = 0,±1, satisfying [Li,Lj ] ⊆ Li+j , where Li+j = 0 if
i + j = 0,±1. A Lie algebra is called 3-graded if it has a 3-grading.
A 3-graded Lie algebra L = L1 ⊕L0 ⊕L−1 is called Jordan 3-graded if [L1,L−1] = L0
and there exists a Jordan pair structure on (L1,L−1) whose Jordan product is related to the
Lie product by {x, y, z} = [[x, y], z] for any x, z ∈ Lσ ,y ∈ L−σ , σ = ±1. In this case,
V = (L1,L−1) is called the associated Jordan pair. The prototype of a Jordan 3-gra-
ded Lie algebra is the TKK-algebra of a Jordan pair V where L1 = V +,L−1 = V − and
L0 = IDerV .
Given a Jordan 3-graded Lie algebra L, if 1/2 ∈ Φ the product on the associated Jordan
pair is unique and given by Qxy = 12 {x, y, x} = 12 [[x, y], x]. Conversely, given a 3-graded
Lie algebra L this formula defines a pair structure on (L1,L−1) as soon as 1/6 ∈ Φ (cf.
[16, 1.2]).
The relation between general Jordan 3-graded Lie algebras and TKK-algebras is
described below.
1.4. Lemma [16, 1.5(6)]. Let L be a Jordan 3-graded Lie algebra with associated pair V .
Then TKK(V ) ∼= L/CV , where CV = {x ∈ L0 | [x,L1] = 0 = [x,L−1]} = Z(L) ∩ L0.
We say that a Lie algebra L is semiprime if for any nonzero ideal I of L, [I, I ] = 0, and
we say that L is prime if for any two nonzero ideals I, J of L, [I, J ] = 0.
1.5. Using 1.4 we have that Jordan 3-graded Lie algebras are not far from the ones directly
built out of Jordan pairs by the TKK construction. Indeed, as soon as they are centerfree, for
example when they are semiprime, they are isomorphic to TKK-algebras of their associated
Jordan pairs.
2. Regularity conditions
Ideals of a Jordan 3-graded Lie algebra L = L1 ⊕L0 ⊕L−1 and ideals of its associated
Jordan pair V = (L1,L−1) are related by the following result, which is proven in [4, 1.5]
for Lie superalgebras and Jordan superpairs so that it is also true in the non-supersetting:
2.1. Lemma. Let L = L1 ⊕ L0 ⊕ L−1 be a Jordan 3-graded Lie algebra with associated
Jordan pair V = (L1,L−1) and assume that 1/2 ∈ Φ .
(a) We denote by πσ , σ = ±1, the canonical projections of L onto Lσ . If I is an ideal of
L, then I ∩V := (I ∩L1, I ∩L−1) and π(I) := (π+1(I),π−1(I)) are ideals of V and
π(I)3 ⊆ I ∩ V ⊆ π(I).
(b) Any ideal U = (U1,U−1) of V generates an ideal I(U) of L, given by I(U) =
U1 ⊕ ([U1,L−1] + [L1,U−1]) ⊕ U−1 . If U = (U1,U−1) and W = (W1,W−1)
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±1, then [I(U),I(W)] = 0. In particular, if L is the TKK-algebra of V then
[I(U),I(AnnV (U))] = 0, where AnnV (U) is the annihilator of U in V .
As a consequence of 2.1 we obtain
2.2. Proposition [4, 1.6]. Let V be a Jordan pair over Φ with 1/2 ∈ Φ .
(a) If V is semiprime then so is TKK(V ).
(b) V is prime if and only if TKK(V ) is prime and V is semiprime.
(c) V is simple if and only if TKK(V ) is simple.
2.3. A basic fact in the proof of the proposition above is that for semiprime Jordan pairs V ,
nonzero ideals I of TKK(V ) give rise to nonzero ideals I ∩ V of V (cf. [4, 2.6]).
2.4. Remark. The converse of 2.2(a) is not clear. On one hand, it seems difficult to prove
that if I is an ideal of a Jordan pair V satisfying
{
Iσ , I−σ , Iσ
}= 0, σ = ±,
then the ideal I(I) of TKK(V ) is nilpotent. On the other hand, counterexamples to the
converse of 2.2(a) are not known.
Recall that, for a Jordan pair V , an element x ∈ V σ is called an absolute zero divisor if
Qx = 0, and that V is nondegenerate if it has no nonzero absolute zero divisors. Similarly,
for a Lie algebra L an element x ∈ L is an absolute zero divisor if (adx)2 = 0, and
L is nondegenerate if it has no nonzero absolute zero divisors. Following the proof of
[11, Proposition 1.5.3] and adapting it to the particular case of absolute zero divisors, we
have
2.5. Lemma. If L is a 2-torsion free Lie algebra and x ∈ L satisfies (adx)2 = 0, then
adx ady adx = 0 for any y ∈ L.
2.6. Proposition. Let V be a Jordan pair without 2-torsion. Then V is nondegenerate if
and only if TKK(V ) is nondegenerate.
Proof. Assume that TKK(V ) is nondegenerate and take an absolute zero divisor x ∈ V σ
of V . Then [[x,TKK(V )], x] = [[x,V−σ ], x] = {x,V −σ , x} = 2QxV −σ = 0, so x = 0
since TKK(V ) is nondegenerate.
Conversely, assume that V is nondegenerate and take x ∈ TKK(V ) satisfying (adx)2
TKK(V ) = 0. We know that TKK(V ) is a 3-graded Jordan Lie algebra, so x = x+ ⊕
x0 ⊕ x− for some xσ ∈ TKK(V )σ1 = V σ , σ = ±, and x0 ∈ TKK(V )0 = IDerV . Since
(adx)2 = 0, in particular we have that for σ = ±, 0 = (adx)2V σ = [[x,V σ ], x] =
{x−σ ,V σ , x−σ }⊕([[x0,V σ ], x−σ ]+[[x−σ ,V σ ], x0])⊕([[x0,V σ ], x0]+{V σ , x−σ , xσ }),
E. García / Journal of Algebra 277 (2004) 559–571 563and 0 = {x−σ ,V σ , x−σ } = 2Qx−σ V σ is the only term in V −σ . Thus Qx−σ V σ = 0. Since
V is nondegenerate, we have that x−σ = 0 for σ = ±, i.e., x = x0 ∈ TKK(V )0 = IDerV .
Using the Jacobi identity, for v+ ∈ V + and v− ∈ V − we have 0 = (adx)2[v+, v−] =
−[[x, [v+, v−]], x] = −[[[x, v+], v−], x] − [[v+, [x, v−]], x] = −2[[x, v+], [v−, x]],
hence
[[
x, v+
]
,
[
v−, x
]]= 0 for all v+ ∈ V +, v− ∈ V −. (1)
Notice that for vσ ∈ V σ , [x, vσ ] = [x0, vσ ] ∈ V σ . Therefore, if we take another element
v−σ ∈ V −σ and use the Jacobi identity, (1) and 2.5, we obtain
2Q[x,vσ ]v−σ =
{[
x, vσ
]
, v−σ ,
[
x, vσ
]}= [[[x, vσ ], v−σ ], [x, vσ ]]
= [[[x, v−σ ], vσ ], [x, vσ ]]+ [[x, [vσ , v−σ ]], [x, vσ ]]
= [[[x, v−σ ], [x, vσ ]], vσ ]+ [[x, v−σ ], [vσ , [x, vσ ]]]
+ [[x, [vσ , v−σ ]], [x, vσ ]]
= [[x, [vσ , v−σ ]], [x, vσ ]]= [[[x, [vσ , v−σ ]], x], vσ ]
+ [x, [[x, [vσ , v−σ ]], vσ ]]
= [x, [[x, [vσ , v−σ ]], vσ ]]= − adx advσ adx[vσ , v−σ ]= 0.
Hence Q[x,vσ ]v−σ = 0 for all v−σ ∈ V −σ and using nondegeneracy of V we get that
[x, vσ ] = 0 for any vσ ∈ V σ , σ = ±, i.e., [x,V σ ] = 0 for σ = ±.
We have proven that TKK(V ) has no nonzero absolute zero divisors, so it is
nondegenerate. 
From 2.2(b) and 2.6 we get the following result.
2.7. Corollary. Let V be a Jordan pair over Φ with 1/2 ∈ Φ . Then V is strongly prime if
and only if TKK(V ) is strongly prime.
3. TKK-algebras of strongly prime hermitian Jordan pairs
Unless stated otherwise, from now on all structures (Lie algebras and associative and
Jordan systems) are defined over a ring of scalars Φ containing 1/2.
3.1. We will study the form of Lie algebras built out of strong prime hermitian Jordan pairs
using the TKK construction. In [1, 5.4] D’Amour proves: If V is an i-special, prime,
hereditarily-semiprime Jordan pair (in particular if V is an i-special, strongly prime
Jordan pair) with nonzero hermitian part, then there exists a ∗-prime associative pair
R with involution ∗ such that
H(R,∗)  V H (Q(R),∗) (1)
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We will consider the TKK-algebras of H(R,∗), V and H(Q(R),∗) and see how they
are related. Let V1 = H(R,∗), V2 = V, V3 = H(Q(R),∗). With this notation, (1) is
rewritten as
V1  V2  V3. (1′)
Given a Jordan pair V , we say that a Lie algebra L contains V as a subpair if
V +,V − ⊆ L and if V +⊕[V +,V −]⊕V − is a Jordan 3-graded Lie algebra with associated
Jordan pair V , which is a subalgebra of L. Notice that a Jordan pair V is always contained
as a subpair at least in TKK(V ).
The three Jordan pairs appearing in (1′) are the Jordan pairs associated to the Jordan
3-graded Lie algebras V +i ⊕[V +i , V −i ]⊕V −i , for i = 1,2,3, where Lie products are taken
in any Lie algebra containing Vi , i = 1,2,3, as a subpair (for example, in A(−), where A
is the universal associative enveloping algebra of Q(R)). We can use 1.4 to describe their
TKK-algebras:
TKK(Vi) ∼=
(
V +i ⊕
[
V +i , V
−
i
]⊕ V −i
)
/CVi (2)
where CVi = {x ∈ [V +i , V −i ] | [x,V +i ] = 0 = [x,V −i ]}, i = 1,2,3.
Firstly, we study how the three Lie algebras V +i ⊕ [V +i , V −i ] ⊕ V −i , i = 1,2,3, are
related, and secondly, we study their ideals CVi , i = 1,2,3. The idea is to find an analogue
of (1) for TKK-algebras.
Our results will be stated in a more general setting and will be applied afterwards to the
particular case of (1′).
3.2. Lemma. If I is an ideal of a Jordan pair V , then I+ ⊕ [I+, I−] ⊕ I− is an ideal of
I(I) = I+ ⊕ ([I+,V −] + [V +, I−]) ⊕ I−, which is an ideal of V + ⊕ [V +,V −] ⊕ V −,
where all Lie products are taken in any Lie algebra containing V as a subpair.
Proof. It is straightforward, using that I is an ideal of V and 2.1(b) applied to L =
V + ⊕ [V +,V −] ⊕ V −. 
3.3. Since in 3.1(1′) V1 is an ideal of V2,
V +1 ⊕
[
V +1 ,V
−
1
]⊕ V −1 is a graded subideal of V +2 ⊕
[
V +2 ,V
−
2
]⊕ V −2 (1)
by 3.2. Moreover, V2 is a subpair of V3 so
V +2 ⊕
[
V +2 ,V
−
2
]⊕ V −2 is a graded subalgebra of V +3 ⊕
[
V +3 ,V
−
3
]⊕ V −3 . (2)
Let us show how the ideals CVi , i = 1,2,3, in 3.1(2) are related.
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a Lie algebra L, then
CU = CV ∩
[
U+,U−
]
,
where CU = {x ∈ [U+,U−] | [x,U+] = 0 = [x,U−]} and CV = {x ∈ [V +,V −] |
[x,V +] = 0 = [x,V −]} and [ , ] denotes the Lie product in L.
Proof. Assume that U is nonzero, since otherwise our claim is immediate. Obviously,
CU ⊇ CV ∩ [U+,U−], so take x ∈ CU ⊆ [U+,U−]. We want to show that [x,V +] = 0 =
[x,V −]. Let v ∈ V σ and consider [x, v]. Since x ∈ [U+,U−] and U is an ideal of V ,
[x, v] ∈ Uσ . Then QU−σ [x, v] ⊆ [x,QU−σ v] ⊆ [x,U−σ ] = 0. Since U is nondegenerate,
it implies [x, v] = 0. 
Under the conditions of 3.1(1′), since V1 is an ideal of V2 and V2 is nondegenerate,
CV1 = CV2 ∩ [V +1 ,V −1 ] by 3.4, and by 3.1(2) and 3.3(1), up to isomorphism,
TKK(V1) 3-sub TKK(V2), (1)
where, from now on, we will understand that 3-sub will mean “is a graded subideal of”.
We still have to study CV2 and CV3 to find out how TKK(V2) and TKK(V3) are related.
We will use that H(R,∗) ⊆ V2 = V and V3 = H(Q(R),∗).
3.5. A complete construction and description of Martindale systems of quotients can
be found in [13]. In this section we will only use Martindale pairs of symmetric
quotients Q(R), and particularly the following property about ideal absorption of elements
in Q(R):
(i) Let R be a ∗-prime associative pair with involution ∗. Then R is a subpair of Q(R)
and for any nonzero element a ∈ Q(R)σ there exists a nonzero ∗-ideal I = Ia of
R such that [13, 3.20] 0 = aR−σ Iσ + IσR−σ a ⊆ Rσ . Notice that if the element
a ∈ Q(R)σ is zero, then any ∗-ideal I of R satisfies aR−σ Iσ + IσR−σ a ⊆ Rσ .
Moreover, in any case, the ideal I can be replaced by the ideal (R+I−R+, R−I+R−)
of R (which is nonzero by semiprimeness) to assure that Rσ I−σ a + aI−σRσ ⊆ Rσ ,
R−σ aI−σ + I−σ aR−σ ⊆ R−σ .
We also point out the following result about the relation between R and Q(R), which is
proven in [3, 2.8] in a triple system setting but whose proof also holds for pairs, with the
obvious changes:
(ii) Let R be a ∗-prime associative pair with involution ∗. If K is a nonzero ∗-ideal of R,
then, for any 0 = x ∈ Q(R)σ , xK−σ x = 0, σ = ±.
3.6. Another result which will be used afterwards and which is proven in [3, 2.1] for
associative triple systems but also valid for associative pairs with the obvious changes,
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∗-ideal of R, then the set of symmetric elements of J is a nonzero ideal of H(R,∗).
The following result is the analogue of 3.5(ii) for sets of symmetric elements.
3.7. Lemma. Let R be a ∗-prime associative pair with involution ∗. If I is a nonzero ideal
of H(R,∗), then for any 0 = x ∈ H(Q(R)σ ,∗), QxI−σ = 0 and QI−σ x = 0, σ = ±.
Proof. Suppose that there exists an element x ∈ H(Q(R)σ ,∗) for some σ ∈ {+,−} such
that QxI−σ = 0.
For the nonzero ideal I of H(R,∗) by [2, 3.6] there exists a nonzero ∗-ideal A of R
such that, for σ = ±, KP(Aσ ,H(R,∗)) ⊆ Iσ .
Since x is an element in H(Q(R)σ ,∗) ⊆ Q(R)σ , by ideal absorption of elements of
Q(R) 3.5(i) we know that there exists a nonzero ∗-ideal L of R such that LσR−σ x ⊆ Rσ
and L−σ xR−σ ⊆ R−σ . Since R is ∗-prime, B = A ∩ L is a nonzero ∗-ideal of R and we
can find a nonzero ∗-ideal C of R such that Cσ ⊆ BσB−σBσ for σ = ±.
Now, if α,β ∈ C−σ , then ξ := αxβ ∈ C−σ xC−σ ⊆ B−σLσL−σ xC−σ ⊆ B−σRσC−σ
⊆ B−σ , hence ξ + ξ∗ ∈ KP(B−σ ,H(R,∗)) ⊆ KP(A−σ ,H(R,∗)). Similarly, η :=
α∗xα ∈ C−σ xC−σ ⊆ B−σ and it is a symmetric element, so
η = 1/2(η + η∗) ∈ KP (B−σ ,H(R,∗))⊆ KP (A−σ ,H(R,∗)).
Therefore,
QQxαβ = QxQαQxβ = xαxβxαx = x
(
αxβ + β∗xα∗)xαx − xβ∗xα∗xαx
= (Qx(ξ + ξ∗))αx − xβ∗Qxη
∈ (QxKP (A−σ ,H(R,∗)))αx + xβ∗QxKP (A−σ ,H(R,∗))= 0,
using that QxKP(A−σ ,H(R,∗)) ⊆ QxI−σ = 0.
We have shown QQxC−σ C−σ = 0. Now C is a nonzero ∗-ideal of R so using 3.5(ii) we
obtain QxC−σ = 0 which, by 3.5(ii) again, implies x = 0.
Finally, since QxI−σ is nonzero we can take y ∈ I−σ such that 0 = Qxy ∈
H(Q(R)σ ,∗). Again, QQxyI−σ = 0 and there exists z ∈ I−σ with
0 = QQxyz = xyxzxyx =
(
Qx{y, x, z}
)
yx − xz(QxQyx) ∈ (QxQIx)Ix + xI (QxQIx),
whence QIx = 0. 
With these ingredients, we can now relate the ideals CH(R,∗) and CH(Q(R),∗).
3.8. Proposition. If R is a ∗-prime associative pair with involution ∗, then
CH(Q(R),∗) =
{
x ∈ [H (Q(R)+,∗),H (Q(R)−,∗)] | [x,H (Rσ ,∗)]= 0, σ = ±}, (1)
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and Lie products are taken in A(−), where A is the universal associative enveloping algebra
of Q(R).
Proof. It is clear that the first set in (1) is contained in the second one, so take x ∈
[H(Q(R)+,∗), H(Q(R)−,∗)] such that [x,H(Rσ ,∗)] = 0, σ = ±, and let us show that
this condition is enough to guarantee that [x,H(Q(R)σ ,∗)] = 0, σ = ±.
For an arbitrary element q ∈ H(Q(R)σ ,∗) there exists a nonzero ∗-ideal K =
(K+,K−) of R such that K−σ qK−σ ⊆ R−σ . Let H(K,∗) be the set of symmetric
elements of K , which is nonzero by 3.6. Now QH(K−σ ,∗)[x, q] = [x,QH(K−σ ,∗)q] ⊆
[x,H(R−σ ,∗)] = 0, which implies [x, q] = 0 by 3.7. 
In the following theorem we summarize the main results of this section.
3.9. Theorem. If V is an i-special strongly prime Jordan pair with nonzero hermitian
part, then there exists a ∗-prime associative pair R with involution ∗ such that, up to
isomorphism,
TKK
(
H(R,∗)) 3-sub TKK(V ) TKK(H (Q(R),∗)),
where all the inclusions above are graded.
Proof. Given a Jordan pair V under these hypothesis, it is proven in [1, 5.4] that there
exists a ∗-prime associative pair R with involution ∗ such that H(R,∗)V H(Q(R),∗).
We have seen in 3.4(1) that, up to isomorphism, TKK(H(R,∗))3-sub TKK(V ). Moreover,
as an immediate consequence of 3.8 we have that if R is a ∗-prime associative pair
and V is a Jordan pair satisfying H(R,∗) ⊆ V ⊆ H(Q(R),∗), then CV = CH(Q(R),∗) ∩
[V +,V −], and this last equality, 3.3(2) and 3.1(2) imply that, up to isomorphism, TKK(V )
is a graded subalgebra of TKK(H(Q(R),∗), i.e., TKK(H(R,∗)) 3-sub TKK(V ) 
TKK(H(Q(R),∗)). 
4. Strong Primeness of TKK-algebras of hermitian type
4.1. We will prove in this section that the converse of 3.9 is also true. We start with a Jordan
pair V for which there exists a ∗-prime associative pair R with involution such that
TKK
(
H(R,∗)) 3-sub TKK(V ) TKK(H (Q(R),∗)), (1)
and prove that this is enough to assure that V is strongly prime (equivalently, by 2.7,
TKK(V ) is a strongly prime Lie algebra).
In (1) we will understand that all the inclusions are graded, i.e., TKK(H(R,∗))µ
⊆ TKK(V )µ ⊆ TKK(H(Q(R),∗))µ, µ = 0,±1. In particular, H(R,∗) is a subpair of V ,
which is also a subpair of H(Q(R),∗).
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V = H(R,∗) is under the hypothesis of (1) and, in particular, one has the graded inclusion
TKK(H(R,∗)) TKK(H(Q(R),∗)).
Our next result is an analogue for TKK-algebras of ideal absorption in Martindale
systems of quotients.
4.2. Proposition. Let R = 0 be a ∗-prime associative pair with involution, and Q(R)
be the Martindale pair of symmetric quotients of R. Then, for any element x ∈
TKK(H(Q(R),∗)), there exists a nonzero ideal M in TKK(H(R,∗)) such that [x,M] ⊆
TKK(H(R,∗)).
Proof. First, notice that H(R,∗) = 0 by 3.6, since R is ∗-prime and nonzero. Given
x ∈ TKK(H(Q(R),∗)) we know that there exist n ∈ N, x+, x+i ∈ H(Q(R)+,∗) and
x−, x−i ∈ H(Q(R)−,∗), i = 1, . . . , n, such that x = x+ ⊕
∑
1in[x+i , x−i ] ⊕ x−. To
simplify the notation, set xσ0 := xσ , σ = ±.
By ideal absorption 3.5(i), for any xσi , σ = ±, i = 0, . . . , n, there exists a nonzero∗-ideal Jσi of R that absorbs xσi into R. Defining J as the intersection of all Jσi , σ = ±,
i = 0, . . . , n, and considering its set of symmetric elements H(J,∗) (which is nonzero by
∗-primeness of R and 3.6), we have that {H(J σ ,∗),H(J−σ ,∗),H(J σ ,∗)}, σ = ±, are
nonzero semi-ideals of H(R,∗). Therefore, since H(R,∗) is strongly prime, there exists a
nonzero ideal K of H(R,∗) contained in both {H(J σ ,∗),H(J−σ ,∗),H(J σ ,∗)}, σ = ±.
Now, using the absorption properties of H(J,∗) and the Jacobi identity
[
xσi ,K
−σ ]⊆ [xσi ,
{
H
(
J−σ ,∗),H (J σ ,∗),H (J−σ ,∗)}]
⊆ [{xσi ,H
(
J−σ ,∗),H (J σ ,∗)},H (J−σ ,∗)]
+ [[H (J−σ ,∗),H (J σ ,∗)], [xσi ,H
(
J−σ ,∗)]]
⊆ [H (Rσ ,∗),H (J−σ ,∗)]
+ [[H (J−σ ,∗),H (J σ ,∗)], [xσi ,H
(
J−σ ,∗)]]
⊆ [H (Rσ ,∗),H (J−σ ,∗)]+ [{H (J−σ ,∗), xσi ,H
(
J−σ ,∗)},H (J σ ,∗)]
+ [H (J−σ ,∗),{xσi ,H
(
J−σ ,∗),H (J σ ,∗)}]
⊆ [H (R+,∗),H (J−,∗)]+ [H (J+,∗),H (R−,∗)].
Moreover, using the absorption properties of H(J,∗) directly we also have that for all
i = 0, . . . , n, σ = ±, [xσi , ([K+,H(R−,∗)] + [H(R+,∗),K−])] ⊆ H(Rσ ,∗).
Let K̂ be the ideal of TKK(H(R,∗)) generated by K (cf. 2.1(b)). For all i = 1, . . . , n,
[[x+i , x−i ], K̂] ⊆ [[x+i , K̂], x−i ] + [x+i , [x−i , K̂]] (by the Jacobi identity) ⊆ H(R+,∗) +
[H(R+,∗), x−i ] + [x+i ,H (R−,∗)] + H(R−,∗).
Using the Jacobi identity and the fact that K̂ is an ideal of TKK(H(R,∗)),
[[
x+, x−
]
,
[
K̂, K̂
]]⊆ [[[x+, x−], K̂], K̂]i i i i
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]
, K̂
]+ [[x+i ,H
(
R−,∗)], K̂]
⊆ K̂ + [H (R+,∗), [x−i , K̂
]]+ [K̂, x−i
]+ [x+i , K̂
]+ [[x+i , K̂
]
,H
(
R−,∗)]
⊆ K̂ + TKK(H(R,∗))⊆ TKK(H(R,∗)).
Notice that M = [K̂, K̂] is nonzero since strong primeness of H(R,∗), obtained
as a consequence of ∗-primeness of R, transfers to TKK(H(R,∗)) (2.7). Moreover,
M also absorbs the elements x+ and x− into TKK(H(R,∗)) since [xσ ,M] ⊆ [xσ , K̂] ⊆
[xσ ,K−σ ] + [xσ , ([K+,H(R−,∗)] + [H(R+,∗),K−])] ⊆ TKK(H(R,∗)). 
4.3. Corollary. Let R be a ∗-prime associative pair with involution and let x be a
nonzero element of TKK(H(Q(R),∗)). Then [x,M] = 0 for any nonzero ideal M of
TKK(H(R,∗)).
Proof. Let x = x+ ⊕ x0 ⊕ x− ∈ TKK(H(Q(R),∗)), xσ ∈ H(Q(R)σ ,∗), σ = ±, x0 ∈
[H(Q(R)+,∗),H(Q(R)−,∗)], and let M be a nonzero ideal of TKK(H(R),∗).
Firstly, let us suppose that x+ ⊕ x− = 0 (for example, x+ = 0). Since M is a nonzero
ideal of TKK(H(R,∗)) and this last one is strongly prime by [2, 3.7(i)] and 2.7, we can
use 2.3 to get 0 = (M ∩H(R+,∗),M ∩H(R−,∗)) H(R,∗). Now, by 3.7, 0 = Qx(M ∩
H(R−σ ,∗)) = [[x,M ∩ H(R−σ ,∗)], x], and, in particular, 0 = [x,M ∩ H(R−σ ,∗)] ⊆
[x,M].
Otherwise, x = x0 ∈ [H(Q(R)+,∗),H(Q(R)−,∗)] = IDerH(Q(R),∗), so there must
exist some y ∈ H(Q(R)σ ,∗) with [x, y] = 0 for some σ ∈ {+,−}. Now, by 4.2 we
can take a nonzero ideal N of TKK(H(R),∗) such that [y,N] ⊆ TKK(H(R),∗).
Since TKK(H(R),∗) is strongly prime, P = [M ∩ N,M ∩ N] is a nonzero ideal
of TKK(H(R),∗), so by the first part of this proof 0 = [[x, y],P ] ⊆ [[x,P ], y] +
[x, [y,P ]] ⊆ [[x,M], y]+ [x, [[y,N],M]] ⊆ [[x,M], y]+ [x,M] hence [x,M] = 0. 
Now we study the form of absolute zero divisors in a Lie algebra sandwiched between
TKK(H(R,∗)) and TKK(H(Q(R),∗)), for a ∗-prime associative pair R with involution ∗.
4.4. Proposition. Let R be a ∗-prime associative pair with involution ∗, and let L be
a Lie algebra containing TKK(H(R,∗)) as a subalgebra and which is a subalgebra of
TKK(H(Q(R),∗)). If x ∈ L is an absolute zero divisor in L, then
(i) x = x0 ∈ L ∩ [H(Q(R)+,∗),H(Q(R)−,∗)], and
(ii) [[H(Q(R)σ ,∗), x], x] = 0 for σ = ±.
Proof. Let x = x+ ⊕ x0 ⊕ x− ∈ TKK(H(Q(R),∗)), xσ ∈ H(Q(R)σ ,∗), σ = ±, x0 ∈
[H(Q(R)+,∗),H(Q(R)−,∗)]. The projection of [[H(R−σ ,∗), x], x] to H(Q(R)σ ,∗)
is [[H(R−σ ,∗), xσ ], xσ ], hence Qxσ H(R−σ ,∗) = [[H(R−σ ,∗), xσ ], xσ ] = 0. By 3.7 it
implies x+ = 0 = x−, i.e., x = x0.
Now, if we choose an arbitrary element a ∈ H(Q(R)σ ,∗), by 4.2 there exists
a nonzero ideal M of TKK(H(R,∗)) such that [M,a] + [M,x] ⊆ TKK(H(R,∗)).
Moreover, we can consider the nonzero ideal M4 = [[[M,M],M],M] of TKK(H(R,∗))
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ad([[a, x], x])2(M4) = 0, and by 3.7 it implies [[a, x], x] = 0. 
We can now prove the converse of 3.9.
4.5. Theorem. If R is a ∗-prime associative pair with involution ∗ and V is a Jordan pair
such that
TKK
(
H(R,∗)) TKK(V ) TKK(H (Q(R),∗))
then TKK(V ) is strongly prime. (The subalgebras above are meant graded, hence
H(R,∗) V H(Q(R),∗).)
Proof. Let us first prove that TKK(V ) is nondegenerate. If x ∈ TKK(V ) is such that
[[TKK(V ), x], x] = 0, we know that x = x0 ∈ [V +,V −] by 4.4 taking L = TKK(V ).
Therefore, if y ∈ V σ is an absolute zero divisor in V , by the grading of TKK(V ), also
[[TKK(V ), y], y] = [[V −σ , y], y] = {y,V −σ , y} = 0, hence y ∈ [V +,V −] ∩ V σ = 0. We
have shown that V is nondegenerate and by 2.6 this is equivalent to the nondegeneracy of
TKK(V ).
To prove that TKK(V ) is prime, take two nonzero ideals of TKK(V ) and let us show that
they have nonzero intersection: If I1 and I2 are nonzero ideals of TKK(V ), then by 2.3 both
I1 ∩V and I2 ∩V are nonzero ideals of V . Let y1 be a nonzero element in I1 ∩V + and let y2
be a nonzero element in I2 ∩V +. By 4.2, for any of these two elements yi , i = 1,2, which
in particular belong to H(Q(R)+,∗), there exists a nonzero ideal Hi of TKK(H(R,∗))
such that 0 = [yi,Hi] ⊆ TKK(H(R,∗))∩ Ii . Therefore, if we call Ji , i = 1,2, the ideals of
TKK(H(R,∗)) generated by the nonzero subspaces [yi,Hi] of TKK(H(R,∗)), i = 1,2,
both J1 and J2 are nonzero ideals which are contained, respectively, in I1 and I2. Now
∗-primeness of R implies that TKK(H(R,∗)) is strongly prime by [2, 3.7(i)] and 2.7,
hence 0 = J1 ∩ J2 ⊆ I1 ∩ I2. 
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